F-theory with Worldvolume Sectioning by Linch III, William D. & Siegel, Warren
ar
X
iv
:1
50
3.
00
94
0v
1 
 [h
ep
-th
]  
3 M
ar 
20
15
F-theory with Worldvolume Sectioning
William D. Linch iii ë and Warren Siegelç
UMDEPP-015-006
YITP-SB-15-6
ë Center for String and Particle Theory, Department of Physics,
University of Maryland at College Park, College Park, MD 20742-4111
ç C. N. Yang Institute for Theoretical Physics
State University of New York, Stony Brook, NY 11794-3840
Abstract
We describe the worldvolume for the bosonic sector of the lower-dimensional F-
theory that embeds 5D, N=1 M-theory and the 4D type II superstring. This theory
is a complexification of the fundamental 5-brane theory that embeds the 4D, N=1 M-
theory of the 3D type II string in a sense that we make explicit at the level of the
Lagrangian and Hamiltonian formulations. We find three types of section condition: in
spacetime, on the worldvolume, and one tying them together. The 5-brane theory is
recovered from the new theory by a double dimensional reduction.
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1 Introduction
Previously [1–3] we analyzed the extension of worldsheet first-quantization of 3D string
theory (S-theory), and its manifestly T-dual formulation (T-theory), to M-theory and F-
theory on branes. Our approach [3] is unrelated to any other treatment of branes in that
the brane coordinates X(σ) carry only indices that are simultaneously worldvolume and
spacetime indices. They are also selfdual differential forms (similar to [4–6]). This results in
section conditions involving not only spacetime (as for T-gravity [7–9] and F-gravity [10–12])
but also the worldvolume. If extended to the full 10D type II string, this would allow for the
first time an analysis of massive modes under the full STU-duality.
In this paper we describe the F-theory corresponding to type II strings in 4D from its
formulation as a fundamental brane. This new theory is the complexification of the funda-
mental 5-brane theory [3] corresponding to the 3D type II string after reformulating the latter
in bispinor notation. In addition to the target space sectioning constraint and Gauß’s law
relating target and worldvolume coordinates, the Hamiltonian analysis reveals a constraint
implying a new type of sectioning quadratic in derivatives on the worldvolume. Solving
these conditions reduces the F-theory to M-, T- and S-theories, as required. Alternatively,
we recover the original 5-brane theory by a double dimensional reduction (corresponding to
wrapping the brane on a 6-torus and then compactifying). By design, the theory’s current
algebra gives rise to C- and D-brackets that are covariant under the exceptional symmetry
E5(5) = Spin(5, 5). After coupling to a general background, we verify explicitly that they
reduce to the exceptional geometry brackets of F-gravity when truncated to massless modes.
The remainder of this note is organized as follows: In section 2 we review the 5-brane
theory corresponding to the 3D type II string in a formulation amenable to generalization to
4D. This is carried out in section 3 by complexifying the coordinates in the Lagrangian for-
mulation. The three types of constraints relating target space and worldvolume coordinates
to themselves and each other are derived. They and the currents form a closed subalgebra
that is studied in section 4. In section 5 the constraints are solved, reducing F → M, T, and
S. The double dimensional reduction recovering the 5-brane theory is also given. Our results
are summarized in section 6.
1
2 3D revisited
Since the isotropy group Sp(4;C) of the F-theory for the 4D superstring is the complex-
ification of that for 3D, it will prove suggestive to review the 3D case here. However, the
spacetime coordinates of the 4D case are in the spinor representation of the isometry group
O(5, 5), which begs the use of spinor notation. The result resembles the so-called “Ka¨hler-
Dirac formalism” [13–16] in that the gauge fields, gauge parameters, etc., are represented by
bispinors (polyforms).
The Lagrangian for the selfdual 3-form on a 5-brane has manifest O(3,3) invariance [3]. In
Spin(3, 3) = SL(4;R) form, the 2-form gauge field is a real, traceless 4× 4 matrix (Spin(3, 3)
2-form) with 1-form gauge transformation
δZα
β = ∂αγλ
βγ
− ∂βγλαγ
= 2∂αγλ
βγ
−
1
2
δβα∂γδλ
γδ with λT = −λ. (2.1)
(Pairs of anti-symmetric spinor indices can be raised and lowered with 1
2
ǫαβγδ and 1
2
ǫαβγδ.)
The fieldstrength has (anti-)selfdual parts which become symmetric bispinors
F
(+)
αβ = ∂γ(αZβ)
γ and F (−)αβ = ∂γ(αZγ
β) (2.2)
satisfying the Bianchi identity
∂αγF
(+)
βγ − ∂βγF
(−)αγ = 0. (2.3)
This makes clear the infinite, repeating reducibility of F → Z → λ → . . . studied in detail
in reference [12]. So far, the structure is actually GL(4;R) covariant but invariance of the
Lagrangian
L = −1
8
trF (+)F (−) (2.4)
reduces this to SL(4;R). (The use of ǫ changes the GL(1) weight with implications for the
associated (super)gravity; cf. [2].)
Reducing to the Hamiltonian formulation requires us to break SL(4;R)→ Sp(4;R). Then
∂αβ → ∂αβ + Cαβ∂τ and ∂
αβ
→ ∂αβ − Cαβ∂τ , (2.5)
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where now Cαβ∂αβ = 0. Upon lowering an index, the 2-form
Zαβ =
1
2
(Xαβ + Yαβ) : Xαβ = Xβα , Yαβ = −Yβα , C
αβYαβ = 0 (2.6)
decomposes into a symmetric part X (2-form) and an antisymmetric, C-traceless part Y
(vector). The fieldstrengths reduce to
F
(+)
αβ =
.
Xαβ +
1
2
∂γ(αXβ)
γ + 1
2
∂γ(αYβ)
γ and F
(−)
αβ =
.
Xαβ −
1
2
∂γ(αXβ)
γ + 1
2
∂γ(αYβ)
γ, (2.7)
and the Lagrangian becomes
L = −1
4
(
.
Xmn + ∂[mYn])
2 + 1
12
(∂[pXmn])
2. (2.8)
The momentum conjugate to Y is identically 0 whereas that conjugate to X is
Pmn = −
δS
δ
.
Xmn
=
.
Xmn + ∂[mYn]. (2.9)
The action in Hamiltonian form is expressed in manifestly SO(3,2)-covariant notation as
S = −
∫
1
2
Pmn
.
Xmn d5σdτ +
∫
Hdτ
H =
∫ [
1
4
PmnP
mn + 1
12
(∂[pXmn])
2 + Y m∂nPmn
]
d5σ. (2.10)
The field Y remains only as a Lagrange multiplier for the Gauß law constraint
Um := ∂
nPmn = 0. (2.11)
With the Gauß law constraint taken into account, we can gauge away the Lagrange multiplier
Y → 0.
The stress-energy tensor in SL(4;R) notation is
T
(+)
αβ γδ = F
(+)
γ[α F
(+)
β]δ . (2.12)
(This form implies the symmetries Tαβ γδ = Tγδ αβ = −Tβα γδ and the identity Tα[β γδ] = 0.) It
decomposes into Sp(4;R) = Spin(3, 2) representations Tmn, S
m, and T (21 = 15⊕ 5⊕ 1) of
which only
S
r = 1
8
ǫmnpqr ⊲mn ⊲pq with current ⊲mn := 14tr(γmnF
(+)) (2.13)
is manifestly SL(5;R)-covariant [3]. Together, S and U form a closed subalgebra of the
Virasoro algebra + Gauß law constraint with the larger-rank E4(4) = SL(5;R) symmetry.
This is summarized in table 1.
3
Lagrangian −→ Hamiltonian −→ Current Algebra
Symmetry Spin(3, 3) = SL(4;R) ։ Spin(3, 2) = Sp(4;R) →֒ SL(5;R)
Virasoro T
(+)
αβ γδ Tmn, S
m,T Sm
Gauß Um Um
Table 1: Symmetry breaking and enhancement in the 5-brane system (rank 4)
The Lagrangian description of the dynamics preserves a larger symmetry than the Hamiltonian description.
On the other hand, the Virasoro+Gauß algebra contains a kinematic subalgebra generated by S and U
preserving a higher-rank exceptional symmetry.
3 Worldvolume Action
We now give a covariant 4D theory by an appropriate complexification of the 3D case in
spinor notation. The F-theory for the 4D string with global symmetry E5(5) = Spin(5, 5) is 16-
dimensional with coordinates Xµ in the spinor representation. Since Xµ reduces in Sp(4;C)
to a (4, 4¯), the 3D Zα
β of GL(4;R) must generalize (complexify) to Zα
.
β of GL(4;C), now
lacking both trace and reality conditions.
Using GL(4;C), ∂ and Z are both 4× 4 complex matrices
∂αβ , ∂¯ .
α
.
β
= (∂αβ)* , Zα
.
α , Z¯ .α
α = (Zα
.
α)* (3.1)
where the ∂’s are anti-symmetric (6 and 6), and Z (16C) is the complexification of X (which
is Hermitian X† = X). Then the gauge transformation generalizing (2.1) is
δZα
.
α = ∂αβλ
(+)β
.
α
− ∂¯
.
α
.
βλ(−)
α
.
β
with λ(±)† = −λ(±) (3.2)
anti-Hermitian gauge parameters (16 and 16′): Z has the interpretation of a complex gauge
2-form with a complex 1-form gauge parameter. From this, we form the Hermitian matrices
F (+) = ∂¯Z + ∂Z¯ ⇔ F
(+)
.
αα
= ∂¯ .
β
.
α
Zα
.
β + ∂βαZ¯ .α
β
F (−) = ∂Z + ∂¯Z¯ ⇔ F (−)α
.
α = ∂βαZβ
.
α + ∂¯
.
β
.
αZ¯ .
β
α. (3.3)
These are invariant under the gauge transformation (3.2) provided
V := i
8
(∂αβ∂
αβ
− ∂¯ .
α
.
β
∂¯
.
α
.
β) = 0. (3.4)
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This is our first section condition. Assuming this, F satisfies the Bianchi identity (cf. 2.3)
∂αβF
(+)
.
αβ
− ∂¯ .
α
.
β
F (−)α
.
β = 0 (3.5)
and its conjugate giving again the infinite, repeating reducibility 16⊕ 16′ → 16C → . . . of
F → Z → λ→ . . . (cf. [12]).
As with the 5-brane, the Lagrangian
L = −1
8
trF (+)F (−) (3.6)
reduces the symmetry GL(4;C)→ SL(4;C). We now reduce this further SL(4;C)→ Sp(4;C)
so 6 = 5⊕ 1 and 16C = 16⊕ 16 with 16 = 16. We define this reduction by
∂Z → ∂Z + 1
2
(
.
Z + iZ ′) and ∂¯Z → ∂¯Z + 1
2
(
.
Z − iZ ′) (3.7)
where now again Cαβ∂αβ = 0 and similarly for the conjugate. Decomposing
Z = X + iY (3.8)
for Hermitian X and Y , we get the field strengths (free indices lowered)
F (+) → [
.
X + i(∂ − ∂¯)Y ] + [Y ′ − (∂ + ∂¯)X ]
F (−) → [
.
X + i(∂ − ∂¯)Y ]− [Y ′ − (∂ + ∂¯)X ]. (3.9)
The action reduces to
S = −1
2
∫ {[ .
X + i
2
(∂ − ∂¯)Y
]2
−
[
Y ′ − 1
2
(∂ + ∂¯)X
]2}
d12σ. (3.10)
The momentum conjugate to X becomes
Pα .α := −
δS
δ
.
Xα
.
α
=
.
Xα .α +
i
2
(∂αβY
β .
α − ∂¯ .α
.
β
Yα
.
β). (3.11)
Because of the form of the fieldstrengths, the action does not contain a
.
Y 2 term. Interpreting
X as the dynamical field, this means that in the Hamiltonian analysis of this system we
should treat τ as the “time” parameter conjugate to the Hamiltonian. In this sense, Y is not
dynamical and we will gauge it to 0 presently.
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The V constraint (3.4) reduces to
V→
i
8
(∂αβ∂
αβ
− ∂¯ .
α
.
β
∂¯
.
α
.
β)− 1
8
∂τ∂σ. (3.12)
A partial solution of this constraint is obtained by setting
(anything)′ = 0 and reducing V→ i
8
(∂αβ∂
αβ
− ∂¯ .
α
.
β
∂¯
.
α
.
β). (3.13)
With this the action in Hamiltonian form becomes
S = −
∫
Pα .α
.
Xα
.
α d10σdτ +
∫
H dτ (3.14)
H = 1
2
∫ [
Pα .αP
α
.
α + (∂αβX
β .
α − ∂ .α
.
β
Xα
.
β)2 + iYα
.
α(∂αβPβ .α + ∂¯ .α
.
β
P α
.
β)
]
d10σ,
where we have normalized the volume of the gauge-fixed σ direction to 1. Note that this
expression for the Hamiltonian cannot be rewritten with manifest Spin(5, 5) invariance (e.g.
Pαα˙ → Pµ is a chiral ten-dimensional spinor). We interpret the field Y as a Lagrange
multiplier for the constraint
Uα
.
α = i
2
(∂αβP
β
.
α + ∂¯
.
α
.
βP
α
.
β
) (3.15)
generating a bosonic κ-symmetry; we use it to gauge Y → 0. After this is imposed, the
fieldstrengths can be written in manifestly Spin(5, 5)-covariant form
⊲µ := F (+)µ = Pµ + (γm)µν∂mXν and ⊲˜µ := F (−)µ = Pµ − (γm)µν∂mXν (3.16)
after combining SL(4;C) indices into the 16 × 16 Pauli matrices
(γm)µν =
(
C
.
α
.
β(γm)αβ 0
0 Cαβ(γm)
.
α
.
β
)
(3.17)
of Spin(5, 5).
The stress-energy tensor
T
(+)
αβ
.
α
.
β
= F
(+)
.
α[α
F
(+)
.
ββ]
(3.18)
satisfies T
(+)
αβ
.
α
.
β
= T
(+)†
αβ
.
α
.
β
= −T
(+)
βα
.
α
.
β
= −T
(+)
αβ
.
β
.
α
. It decomposes into Sp(4;C) representations
Tmn, S
m, and T (36 = 25⊕ 10⊕ 1) with
T
αβ
.
α
.
β
= F
(+)
.
α[α
F
(+)
.
ββ]
− C-traces , Sm = 1
4
⊲γm⊲ , T = 1
4
CαβC
.
α
.
βF
(+)
.
αα
F
(+)
.
ββ
. (3.19)
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Again only the S current can be written in manifestly Spin(5, 5)-covariant form: The sub-
algebra of currents S, U, V is manifestly Spin(5, 5) covariant even thought the Hamiltonian
description of the dynamics preserves only the Sp(4;C) subgroup. We summarize this in
table 2 (cf. table 1).
Lagrangian −→ Hamiltonian −→ Current Algebra
Symmetry Spin(6;C) = SL(4;C) ։ Spin(5;C) = Sp(4;C) →֒ Spin(5,5)
Virasoro T
(+)
αβ
.
α
.
β
Tmn, S
m,T Sm
Gauß Uα .α U
µ
Laplace V V, ∂σ V
Table 2: Symmetry breaking and enhancement in the 4D system (rank 5)
The Lagrangian description of the dynamics preserves a larger symmetry than the Hamiltonian description
but again there is a kinematic subalgebra of the Virasoro+Gauß+Laplace algebra preserving a higher-rank
symmetry. Note that in this case the Lagrangian group Spin(6;C) is not a subgroup of the full symmetry
group Spin(5, 5).
4 Algebras and Backgrounds
We now give an independent way to derive S → U → V that could be useful in cases in
which we do not know the covariant action. (This method is simpler than finding U and V
by closing the S current algebra.) The constraint S (3.19) is defined in terms of ⊲. Defining
the analogous S˜ in terms of ⊲˜,
S
m
− S˜
m = −i(∂mXµ)Pµ + O(U) (4.1)
(cf. [3]) we find the U constraint (3.15) in the form (∂/X)µPµ. Similarly,
U = 1
2
∂/(⊲ + ⊲˜) and ∂/(⊲ − ⊲˜) = O(V) (4.2)
we find V (3.13) appearing as ∂mXµ∂m. Just as S generates worldvolume coordinate trans-
formations, U generates residual gauge transformations. (Both generate what is left of local
invariances once ∂τ is thrown away.)
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We next examine the current algebras. The covariant derivatives and symmetry currents
(3.16)
⊲µ = Pµ + (γm)µν∂mXν , ⊲˜µ = Pµ − (γm)µν∂mXν
are bosonic, despite their resemblance to supersymmetry currents. Using the Poisson bracket
[Pµ(1), X
ν(2)] = −iδνµδ(1− 2) (4.3)
for the momentum Pµ conjugate to X
µ, the brackets of the currents are
[⊲µ(1), ⊲ν(2)] = 2i(γm)µν∂mδ(1− 2)
[⊲µ(1), ⊲˜ν(2)] = 0
[ ⊲˜µ(1), ⊲˜ν(2)] = −2i(γm)µν∂mδ(1− 2). (4.4)
The pure-spinor-like constraint (3.19) [3]
S
m = 1
4
(γm)µν ⊲µ⊲ν (4.5)
has Poisson bracket with the current given by
[Sm(1), ⊲µ(2)] = i(γnγm)µν∂nδ(1− 2)⊲ν(1). (4.6)
Using
∂pδ(1− 2)A(1)B(2) = ∂pδ(1− 2)AB 1
2
((1)− (2)) + 1
2
A
↔
∂ p B, (4.7)
we find the algebra
[Sm, Sn] = 2i∂(mδSn) − 2iηmn∂pδ(1− 2)Sp −
i
2
δ
[
2∂[mSn] + (⊲γmnU)
]
(4.8)
similar to that of [3]. Here the ∂δ terms are evaluated at 1
2
((1)+(2)), ⊲γmnU = ⊲ν(γmn)νµUµ
with the bosonic κ-symmetry generator
U
µ := (γm)
µν∂m ⊲ν , (4.9)
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found previously in (3.15). The existence of U immediately implies another constraint:
(γm)µν∂
mUν = V⊲µ where
V := ηmn∂
m∂n. (4.10)
Thus, we recover the condition (3.4) required by gauge invariance of the Lagrangian descrip-
tion.
The algebra of constraints generated by S, U, and V closes, and the new constraint gives
rise to a third section condition, this time on the worldvolume. This new constraint implies
the gauge invariance
δXµ = (γm)
µν∂mλν . (4.11)
and the gauge-for-gauge transformation
δλµ = (γm)µν∂
mλν . (4.12)
Clearly, the gauge invariance is infinitely reducible.
The worldvolume derivative of a function f = f(X) is given by
∂mf = ∂mXµ∂µf =
1
2
(γmγn + γnγ
m)µν∂
nXν∂µf
≡
1
2
(γmγn)
µ
ν∂
nXν∂µf (mod U) =
1
4
(γm)µν(⊲ν − ⊲˜ν)∂µf
≡
1
4
(γm)µν∂µf ⊲ν (mod ⊲˜). (4.13)
in agreement with (4.1). Using this, we derive the Poisson bracket of two vector fields
Vi = V
µ
i ⊲µ for i = 1,2. Modulo second class constraints and sectioning this gives the C-
bracket [8] (again with the ∂δ term evaluated at 1
2
((1) + (2)))
[V1(1), V2(2)] = 2i∂
mδV1γmV2 − iδ
[
δµρ δ
ν
σ −
1
4
(γm)ρσ(γ
m)µν
]
V ρ[1∂µV
σ
2] ⊲ν . (4.14)
The truncation of this bracket to massless modes reproduces the “exceptional Courant
bracket” of reference [11, 12].
We now include backgrounds by dressing the covariant derivative
⊲α = eαµ⊲µ. (4.15)
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Using (4.14), we find that under worldsheet reparameterizations δλ⊲α = [i
∫
λµ⊲µ, ⊲α], the
vielbein transforms according to
δλeα
µ = λν∂νeα
µ
− eα
ν∂νλ
µ + 1
4
(γm)ρσ(γ
m)µνeα
ρ∂νλ
σ (4.16)
in agreement with the results of [11,12]. The commutation relations in a general background
are
[⊲α(1), ⊲β(2)] = 2i∂mδ(1− 2)gαβm 12((1) + (2))− iδ(1− 2)fαβ
γ ⊲γ (4.17)
where
gαβm := eα
µ(γm)µνeβ
ν and fαβ
γ := c[αβ]
γ + 1
2
cδ[α
ε(gγδmgβ]εm). (4.18)
Here the g’s are defined by the first equation and the generalization
∂mf = −1
4
gαβm∂αf ⊲β (4.19)
of (4.13), and the “anholonomy”-type coefficients (not anti-symmetric) are defined by
cαβ
γ := (eαeβ
µ)eµ
γ. (4.20)
The Bianchi identity [[⊲(α, ⊲β], ⊲γ)] = 0 then implies the relations
fγ(α
δgβ)δm = 2eγgαβm − e(αgβ)γm
1
6
e[αfβγ
εgδ]εm =
1
8
f[αβ
εfγδ]
ϕgεϕm. (4.21)
These results should be compared with the analogous expressions in reference [8].
5 Sectioning
New section conditions are obtained by replacing string coordinates with 0-modes [17].
In addition to the new section condition from Gauß’s law found in reference [3], there is yet
another type of section condition on the worldvolume coming from the Laplace constraint
10
(4.10). We collect these conditions in the following table:
Virasoro Sm = 1
4
(⊲γm⊲)
dimensional
reduction
◦
S
m := (pγmP ) Uµ = (∂/P )µ
section
condition
S
◦
m := 1
2
(pγmp) U
◦
µ := (∂/p)µ V := ∂m∂m
(5.1a)
(5.1b)
(5.1c)
Since we now have 3 different types of section conditions (“strong constraints”), this
might be a good place to review the method of their solution. The basic point is that these
conditions are applied at 2 independent points in “function space”: They take the generic
form
∂∂A = 0 and (∂A)(∂B) = 0 (5.2)
for arbitrary functions A and B and with various reductions (contractions, symmetrizations,
etc.) on the indices. Thus in momentum space
pp′ = 0 (5.3)
where p and p′ may or may not be at the same point in function space. (In fact, our function
space is disjoint, having momenta for both the worldvolume and spacetime: In particular,
for the U
◦
section condition one of the momenta is in the worldvolume and the other in
spacetime [3].)
So we have not only a quadratic constraint pp = 0, but also a bilinear one pp′ = 0. For
example, for T-theory we have the universal constraint p · p′ = 0, taking the inner product
with the signature of the T-symmetry group O(D,D). For the quadratic constraint the most
general solution is to pick a lightlike basis where the O(D,D) metric is block off-diagonal,
then choose a frame where p has vanishing components in one of the 2 subspaces (“section”)
corresponding to this block decomposition. The bilinear constraint is then solved by taking
p in such a frame and finding that p′ must be not only of the same form but in the same
frame (i.e., in the same subspace). Conversely, given this p′ we find that we could have
chosen another p, but still in this same subspace. Thus although the frame is arbitrary, it is
the same over all function space: All fields live on the same D-dimensional subspace of the
original 2D-dimensional space. (This reduces T-theory to S-theory.)
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Another example is the U
◦
constraint pnp′mn = 0 considered previously for the F-theory of
the 3D string. It is only bilinear, since pm is in the worldvolume while p′mn is in spacetime.
Because this constraint (and the whole formulation) is GL(5) covariant, we can always choose
a frame where pm is in one particular direction, even before considering constraints. This
directly kills all of p′mn carrying that index. Conversely, this general solution for p
′
mn implies
that pm can only point in that one direction, not only for that function, but for any function
on the worldvolume. Thus again the frame is arbitrary, but applies to all functions of either
the worldvolume or spacetime. (This reduces F-theory to T-theory.)
We will now carry out this reduction from F to M, T, and S for the 4D type II string.
(See [3] for the corresponding analysis of the 3D type II string.) The solution is represented
schematically in the F-theory diamond of figure 1.
F(X)
En(n)/Hn
S
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
U&V
((
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
M(X)
GL(D + 1)/O(D, 1)
((
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
T(X)
O(D,D)/[O(D− 1, 1)]2
vv❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
S(X)
GL(D)/O(D− 1, 1)
Figure 1: F-, M-, and T-theories associated to type II string (S-theory) on X .
When the dimension of X is D = 3 or 4, there is associated to the D-dimensional type II supergravity S(X)
on X a (D + 1)-dimensional N = 1 supergravity theory M(X) and a D-dimensional, manifestly T-duality
invariant supergravity T (X). Each of these results from a theory F (X) by solving the S constraint or U and
V constraints, respectively [2].
5.1 Subsectioning F→M
We now solve the reduction conditions (5.1b) and apply the logic above to the section
constraints (5.1c). We start with S conditions corresponding to the reduction F → M.
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To solve the reduction and section conditions, we break Spin(5, 5)→ GL(5;R) = SL(5;R)
× GL(1;R). This is the same as the usual argument for O(2n)→ U(n) (but with split signa-
ture and real representations) so we suppress the details. Decomposing Pµ → P
+, Pm, Pmn
(16 = 1⊕ 5⊕ 10′), and similarly for 0-modes,
◦
S and S
◦
become
◦
S
m = (pγmP ) −→


◦
S
r = p+P r + prP+ + 1
2
ǫmnpqrpmnPpq
◦
Sm = p
nPmn
S
◦
m = (pγmp) −→


S
◦
r = p+pr + 1
4
ǫmnpqrpmnppq
S
◦
m = p
npmn
. (5.4)
(At this point, and for the remainder of this section only, the m,n, . . . indices have become
5’s.) First applying the section conditions bilinearly, we find the solution
p+ = pmn = 0 (5.5)
leaving only pm. (Other maximal solutions correspond to a different frame for breaking to
GL(5).) We then find similarly for the reduction conditions
P+ = Pmn = 0. (5.6)
5.2 Subsectioning F→T
Solving the U and V constraints reduces F → T. Unlike the 3D case reviewed in section
2, the existence of the V condition (in combination with U) now restricts the one direction
of the σ derivative ∂ to be lightlike:
V = ∂2 = 0 ⇒ ∂ = ∂+ (5.7)
(The symmetry for this theory was only SO and not GL.) The U and U
◦
constraints thus
reduce to
U
◦
= −∂+γ−p = 0 ⇒ γ−p = 0 (5.8)
U = −∂+γ−P = 0 ⇒ γ−P = 0 (5.9)
So we are left with a single σ (in addition to τ) and half (8) of the X ’s, i.e., a string with
twice (of 4) the dimensions (T-theory).
S now reduces to the usual for T-theory; solving also these constraints therefore gives the
4D string on the worldsheet.
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5.3 Double Dimensional Reduction 4D → 3D
Instead of solving constraints, we can perform the double dimensional reduction
P+ → 0 , Pm → 0 , ∂m → 0 (5.10)
(and similarly for their 0-modes) directly on the decomposition (5.4). Then it is easy to see
that what remains of the constraints is precisely the reduction and section conditions of the
F-theory 5-brane for the 3D string [3]. In other words, the F-theory for the 4D type II string
contains a subalgebra of constraints defined by the worldvolume 5 and the spacetime 10′
that generates the F-theory algebra for the 3D type II string. Of course it is true that the
3D type II string is embedded in the 4D type II string but this observation implies that the
entire rank 4 F-theory diamond (fig. 1) embeds into that of rank 5.
6 Conclusions
In this paper we described the fundamental theory giving rise to the F-theory embedding
the four-dimensional type II string (corresponding to the split form of the rank 5 exceptional
group E5(5) = Spin(5, 5)) as a complexification of that of the fundamental 5-brane of the
3D string [3]. This description requires three types of section condition: In addition to the
original section condition (S) on the target space [11, 12] and another (U) relating target
space to worldvolume [3], there is now also a third section condition (V) on the worldvolume
itself. The analysis of these constraints shows that the 3- and 4-dimensional theories are
related by double dimensional reduction (5.10).
The structure of these theories is such that the Lagrangian theory is invariant under an
a priori unknown symmetry group Ln that is broken to the subgroup Hn in the Hamiltonian
description. This subgroup is also the (split form of the) maximal compact subgroup of the
split form En(n). We represent this in table 3. The algebra (4.4) of the currents is manifestly
En(n)-covariant as is the “kinetic” subalgebra of the full Virasoro+Gauß+Laplace algebra of
constraints that is generated by S, U, and V (eqs. (4.5), (4.9), and (4.10), resp. and cf. table
2).
Clearly, it is of interest to extend this analysis to higher rank. The next classical super-
string in the series is the 6D type II string corresponding to the maximal global symmetry
14
D Lagrangian Ln → Hamiltonian Hn → Currents En(n) σ X
3 Spin(3, 3) = SL(4;R) Spin(3, 2) = Sp(4;R) SL(5;R) 5′ 10
4 Spin(6;C) = SL(4;C) Spin(5;C) = Sp(4;C) Spin(5, 5) 10 16
Table 3: Symmetry groups of fundamental F-theory branes
The symmetry manifested by the Lagrangian and Hamiltonian formulations of the fundamental branes of
F-theory corresponding to type II strings in D = 3 and 4 dimensions. The rank of the global exceptional
symmetry n = D + 1 and the E
n(n) representations of the worldsheet (σ) and target (X) coordinates are
given in the last two columns.
E7(7). In this case the na¨ıve dimension of the worldvolume exceeds that of the target so we
expect the new worldvolume section condition (and possibly new constraints) to play a role in
cutting this dimension down. Since these cases correspond to superstrings, supersymmetriza-
tion of our brane systems may give insight into the fundamental theories corresponding to
these higher-dimensional F-theories.
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